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Abstract
We consider two possibilities to avoid fermion doubling in lattice
theories. One of them is a nonlocal action for fermions and another












are dened in dierent
points of the lattice. It is shown that in the case of nonlocal action it is
possible to avoid fermionic doubling but this approach does not repro-
duce results for eective action for gauge elds in continuum theory.
In the second approach we construct the gauge invariant lattice theory
with one Dirac fermion. In the theory we need to have equal numbers
of left- and right-handed fermions to guarantee that the fermionic de-
terminant is positive in the presence of arbitrary gauge eld and to
keep invariance under global gauge transformations. The lattice the-
ory has chiral symmetry in the absence of nontrivial gauge eld. It
is shown that this lattice theory of two-dimensional Schwinger model
with one Dirac fermion gives correct eective potential for gauge elds.
The axial charge in the presence of constant gauge eld is calculated.
The dependence of axial charge on the gauge eld corresponds to the
axial anomaly in continuum limit.

On leave of absence from ITEP; 117259 Moscow; Russia:
1 Introduction
Nowadays, lattice techniques have become the important method for study
of non-perturbative quantum eld theory. It is wide used for calculations
of hadron spectrum and for understanding of structure of nonperturbative
eects in quantum eld theory [1]. But there is a serious problem to avoid
fermion doubling and to implement axial anomaly into lattice eld theory.
The most popular way to resolve the problem was suggested by Wilson [2]
and in [3] it was shown that in continuum limit lattice theory with Wilson
fermions reproduces axial anomaly. However, Wilson action contains a term
which breaks chiral invariance by mass-like term with a mass parameter of
order inverse size of a lattice size, and due to interactions this term is renor-
malized and it is need to proceed ne turning.. The Kogut-Susskind action [4]
reduces the number of fermions but does not reproduce axial anomaly. Also
there are attempts to resolve the problem a gauge-violating Mayorana-type
Wilson mass [5].
Recently, it has been considerable theoretical activity on of use of surface
states as a basis for a theory of chiral lattice fermions [6] where our four
dimensional world is considered as an interface in a ve dimensional underline
space [7]. And at some conditions, low energy fermionic states are bound to
this wall. For this low energy states we have an eective chiral theory on
the interface. Hamiltonian approach for this formulation of the chiral theory
was considered in [8].
The goal of this paper is to construct gauge invariant action for massless
fermions without fermion doubling and to reproduce axial anomaly on a
lattice. To avoid no-go theorem by H. Nielsen and M. Ninomia [9] we consider













are dened in dierent points of the lattice..
2 The doubling problem and nonlocal lattice
action for fermions.





















A(0) = 0 (2)
In this paper we consider the case of antiperiodic boundary conditions.
The antiperiodic boundary conditions are imposed on the fermion eld for
convenience only. The case of periodical boundary conditions could be con-
sidered as well; nothing would be changed except minor technical details.
Let us consider the lattice with even numbers of elements, then
 N  n  N   1 (3)
















where 2N is a size of the lattice.




























































































































































































where a is a lattice spacing and ! is a momentum of a fermion. Then the






























in the limit N !1 we obtain additional pole in the
fermion propagator.
Now, let us consider B(k) at k = N  
1
2







































then the second pole in fermion propagator will be absent in continuum limit,































































































From eq.(16) we see that the second pole for fermion propagator is absent.
Notice, that asymptotic of A(n) in eq.(15) has the form (12).





n 6= 0 (17)
In this case the second pole in the propagator of free fermion will be absent
in continuum limit well.
Thus, we have constructed action for free massless fermion eld with a
single fermion but there is a question: does the theory has a correct limit at
N !1 in the presence of gauge elds.
To study the question, let us consider the lattice fermion in the presence
of external gauge eld. In the case of D = 1 U(1) gauge theory with one












































































at  N < jm  nj
mod(2N)
< 0 (20)
P denotes P -ordered product,
jmj
mod(2N)
= m  (2N)j at  N  (m  (2N)j)  N   1
j = 0;1;2::: (21)
Here and below we impose periodic boundary conditions for gauge eldA. It
is wellknown that we can possible to gauge away contribution of nonconstant
components of gauge eldA
n
. But in general case it is not possible to remove
















and keeps antiperiodic boundary conditions only when
(x) = (2=L)nx; n = 1;2; ::: (23)
The presence of th constant gauge eld corresponds to the shift of momentum
in eq.(8):
B(k + 1=2)! B(k + 1=2 + y) (24)
where y = gA=L.
Notice that highest fermionic modes (y  N) has a strong dependence
on the gauge eld. It means that the contributions of high frequency modes
in physical observables (which ll lattice structure) will not die in the limit
N !1.
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Let us check this statement in the simplest case of 2-dimensional Schwinger
model with one Dirac fermion. In the case continuous imaginary time and




















































It is easy to calculate the eective action for constant gauge eld A. Accord-
ing continuous theory the potential has the following form:











= y + 2j if jy + 2jj < 1, j = 0;1;2; :::, N
f
is the number
of Dirac fermions. In the case of the lattice theory we have:






























(jB(k + 1=2 + y=2)j  B(k + 1=2)j) (28)
We considered the cases of standard (9) and nonlocal (17) fermion actions.
The results obtained at N = 10 are shown in Fig.1 where solid line cor-
responds to the standard lattice action with one Dirac fermion and to the
eq.(27) for N
f
= 2 (two curves practically concide with each other), and the
dash line is the case of nonlocal lattice action for one Dirac fermion eld.
Comparing our results with eq.(27), we see that the standard fermionic ac-
tion corresponds to the case of two Dirac fermions in continuous limit. At
the same time we see that the lattice with nonlocal action for fermions has
a big dependence on the lattice size and does not tend to any continuous
theory with nite number of fermions. Thus we see that the lattice eects
does not disappear in the case of nonlocal action. It is possible, of course,
to discuss a possibility to kill this strong dependence by choosing a special
7
form for A(m) but in this case we need to make a ne turning and it is not
clear will these lattice artifacts disappear in the other physical values in the
limit of N !1.
Thus, we have to conclude that the attempt to resolve fermion doubling
problem by means of nonlocal action in the case of gauge theory has a serious
diculties to obtain a correct continuum limit.
3 Lattice action for one Dirac fermion
In the section we consider 2-dimensional Schwinger model with one Dirac
fermion. The generalization of the approach to the case of higher dimensions
and nonabelian elds is obvious.




in the points (m;n) where
(m + n) is odd number and  
L
will be dened in the points (m;n) where
(m+n) is even number. Then we can construct action for left-handed fermion

























































































































is P-ordered exponents which is dened on
the links of the lattice between points (m
1





















is P-ordered exponents which is dened on links









































Below we will see that the action is not invariant under global gauge trans-
formations and the fermion determinant is not positive dened, which means
that this action has imaginary part which leads to bad-dened gauge theory.
To avoid the problems it is enough to add only one right-handed fermion
with the same action like in eq.(29) with obvious changes: All odd indices
should be changed to even ones, all even indices should be changed to odd







in the presence of arbitrary external gauge eld, and the full fermion deter-










j  0 (32)
Let us consider the theory in the presence of constant gauge eld A
2
=









































= 4Ma and L
2






































































































































































































































From (33) we see that the propagator of Dirac fermion has the only one pole
in continuum limit at
! ! 0 p! 0 (37)


























































































































































































is even has the similar form and corresponds to contribution of
right-handed fermions.
Using the procedure which was used in previous Section it is possible to
check that eective potential for A
2
gauge eld tends to the result obtained
in continuum theory with one Dirac fermion.
There is also an interesting question about the dependence of axial charge
on the value of constant gauge eld A
2
= const.
Let us dene the axial current by means of relation between axial and




























where t is an imaginary time and x is a space coordinate.
In lattice formulation this denition leads us to the following expression



































































































where the rst coordinate corresponds to imaginary time and the second one
to the space coordinate. Notice that the equation for j in the point (2m+1)
has exactly the same form.





































Let us consider (44) in the limit M ! 1, a ! 0 and L
1
= 4Ma ! 1. In
this limit the sum over !
k


















(l+ 1=2 + y=2)

(45)






























(l + 1=2)) (46)







































The result (49) was obtained on the lattice and and in the limit of large
lattice coincides with expression for axial charge in continuum theory (see
for example [12]).
Notice that in the model the Schwinger prescription for axial current
appears by natural way.
Now let us discuss the physical meaning of the result obtained (46). Let



























is the energy of l-th left- and right-handed fermions correspondentely.
For levels with l+y=2 N we have standard picture for fermion levels in
the presence of the constant external eld and can use Dirac interpretation
for axial anomaly. This picture was described in details in [12].
The most interesting question is the behaviour of levels with jl + 1=2 +
y=2j  N . Let us make a shift of external eld y from 0 to 2. Then the












b), where l =  N before the shift. So we see that the
equation of motion for this left-handed fermion state becomes the equation of






b) becomes a left-like state.
Thus we see that the axial charge Q
3
in our lattice counts the dierence
between number of left-handed fermions and right-handed fermions.
If we consider the adiabatic gauge eldA
1

















In this paper we considered two possibilities to solve the problem of fermion
doubling.
It was found that it is possible to construct nonlocal lattice action for
free fermions without doubling, but the theory has no correct continuum
limit in the presence of gauge eld. This problem appears because of strong
couplings of high frequency modes which ll lattice structure.












are dened in dierent points of the lattice, can reproduce axial anomaly in
2-dimensional Schwinger model with adiabatic gauge eld.
The generalization of the model to the case of higher dimension and to the
case of nonabelian eld is obvious. The theory will have arbitrary but equal
numbers of left- and right-handed fermions. We need to construct operator
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of axial current which counts the phase of det jM
L
j which corresponds to the
axial anomaly. In the case of Schwinger model it was very easy to determine
such operator by using relation between vector and axial currents in two-
dimensional space. In higher dimensions we can not use this type of the
relation. But it is reasonable to try to determine the operator of axial current
which counts the phase in determinate of left- or right-handed fermions.
It would be reasonable to try to use the lattice in the case of Standard
Model. Due to the absence of anomaly in Standard Model the imaginary







of fermion masses and determinant includes all quarks and leptons in the
presence of arbitrary gauge eld. So in the limit a ! 0 the imaginary part
will be absent.
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